
ACKNOWLEDGEMENTS

The author extends his deepest gratitude to God Almighty, for through His

blessings and grace, the thesis report titled ”COMPARATIVE PERFORMANCE

ANALYSIS OF MONTE CARLO SIMULATION VARIANCE REDUCTION

TECHNIQUES IN THE CONTEXT OF ORDINARY AND EXOTIC OPTIONS

PRICING” has been successfully completed in a timely manner.

This thesis report has been prepared to fulfill the requirements in accordance

with the curriculum of theMathematics Study Program of the Faculty of Science and

Technology, Universitas Pelita Harapan, Jakarta. This thesis serves as an avenue for

the author to apply acquired knowledge and gain new insights that are not achievable

through conventional classroom learning.

The successful completion of this thesis report would not have been possible

without the assistance and support of various parties. In light of this, the author

wishes to express heartfelt thanks to:

1. Mr. Eric Jobiliong, Ph.D., as the Dean of the Faculty of Science and

Technology;

2. Mrs. Dr. Nuri Arum Anugrahati, as the Vice Dean of the Faculty of Science

and Technology;

3. Mr. Laurence, M.T., as the Director of Administration and Student Affairs at

the Faculty of Science and Technology;

4. Mr. Kie Van Ivanky Saputra, Ph.D., as the Head of the Mathematics Study

Program of the thesis, who rekindled the author’s passion for mathematics,

and provided guidance throughout the course of study and thesis work;

5. Mrs. Helena Margaretha, Ph.D., M.Sc., as the thesis supervisor, who has

consistently provided invaluable guidance, direction, and support to the

author throughout the course of study and the process of thesis completion;

6. Dion Krisnadi, S.Inf., S.Si., M.T.I., M.Act.Sc., as the thesis co-supervisor

who has provided insights, guidence and support to the author throughout the

process of thesis completion;

vi



7. Lecturers who have guided and educated the author;

8. The author’s family who have provided immense support and have faithfully

offered their prayers for me from the beginning to the end of my studies;

9. Nikita Veren, the author’s fiancée who has provided endless loving support;

10. Mr. Ferry Chandrawijaya, the author’s uncle who has been invaluable in

supporting the author’s family business amidst the busy schedule of thesis

work;

11. Kenny Bastian, who has been an incredible friend and has supported the

author in writing this paper.

12. Angeline, for providing insightful discussions regarding the topic of the

thesis;

13. Ivan and Clara who has been an invaluable support system for the author;

14. And all other parties who cannot be individually mentioned.

In conclusion, the author recognizes that this thesis report is far from perfect.

Therefore, the author is highly receptive to critiques and suggestions from readers

that could enhance the quality of this report. It is the author’s sincere hope that this

report will prove beneficial to its readers.

Sola scriptura

Sola fide

Sola gratia

Solus Christus

Soli Deo gloria!

Tangerang, July 5, 2023

(Putu Merta Yasa)

vii



TABLE OF CONTENTS

page

COVER

FINALASSIGNMENTAND UPLOADAGREEMENT

APPROVAL BYTHESIS SUPERVISORS

APPROVAL BYTHESIS EXAMINATION COMMITTEE

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

ACKNOWLEDGEMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

TABLE OF CONTENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

CHAPTER I INTRODUCTION

1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Problem Statement . . . . . . . . . . . . . . . . . . . . . . . 1

1.3 Research Purpose . . . . . . . . . . . . . . . . . . . . . . . . 2

1.4 Benefits of Research . . . . . . . . . . . . . . . . . . . . . . 3

1.5 List of Models . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.6 Model Assumptions . . . . . . . . . . . . . . . . . . . . . . . 4

1.7 Review of Literature . . . . . . . . . . . . . . . . . . . . . . 5

1.8 Review of Chapters . . . . . . . . . . . . . . . . . . . . . . . 6

CHAPTER II THEORETICAL EXPOSITION

2.1 Introduction to Options . . . . . . . . . . . . . . . . . . . . . 8

2.1.1 Ordinary Options . . . . . . . . . . . . . . . . . . . . . 9

2.1.1.1 European Options . . . . . . . . . . . . . . . . . 9

2.1.1.2 American Options . . . . . . . . . . . . . . . . . 10

2.1.2 Exotic Options . . . . . . . . . . . . . . . . . . . . . . 11

2.1.2.1 Asian Options . . . . . . . . . . . . . . . . . . . 11

2.1.2.2 Barrier Options . . . . . . . . . . . . . . . . . . 12

2.1.2.3 Conditional Options and Other Generalized Options 13

2.2 Black-Scholes Framework . . . . . . . . . . . . . . . . . . . 14

2.2.1 The Basic BSM . . . . . . . . . . . . . . . . . . . . . . 14

2.2.1.1 European Options . . . . . . . . . . . . . . . . . 15

2.2.1.2 American Put . . . . . . . . . . . . . . . . . . . 16

2.2.2 BSM Extensions . . . . . . . . . . . . . . . . . . . . . 17

2.2.2.1 Asian Options . . . . . . . . . . . . . . . . . . . 17

2.2.2.2 Binary, Deferred and Knock-In Barrier Options . 19

2.3 Monte Carlo Simulation . . . . . . . . . . . . . . . . . . . . . 24

2.3.1 MCS Framework . . . . . . . . . . . . . . . . . . . . . 24

2.3.2 Simple Monte Carlo . . . . . . . . . . . . . . . . . . . 24

2.4 Variance Reduction Techniques . . . . . . . . . . . . . . . . . 26

2.4.1 Antithetic Variates . . . . . . . . . . . . . . . . . . . . 27

viii



2.4.2 Control Variates . . . . . . . . . . . . . . . . . . . . . 28

2.4.3 Non-Parametric Importance Sampling . . . . . . . . . . 30

2.4.4 Mixed Method . . . . . . . . . . . . . . . . . . . . . . 32

2.5 Decision Framework . . . . . . . . . . . . . . . . . . . . . . 34

2.5.1 Utilitarian View . . . . . . . . . . . . . . . . . . . . . . 34

2.5.2 The Utilitarian Justification . . . . . . . . . . . . . . . 35

2.5.3 VNM Utility . . . . . . . . . . . . . . . . . . . . . . . 36

2.5.4 The Logistic Function . . . . . . . . . . . . . . . . . . 37

CHAPTER III METHODOLOGY

3.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2 Additional Techniques . . . . . . . . . . . . . . . . . . . . . 43

3.2.1 Continuity Correction . . . . . . . . . . . . . . . . . . 43

3.2.2 Longstaff Algorithm . . . . . . . . . . . . . . . . . . . 45

3.3 Construction of the Utility Function . . . . . . . . . . . . . . 46

3.4 Workflow Example: Knock-in Barrier Options . . . . . . . . . 47

CHAPTER IV RESULTSANDANALYSIS

4.1 Data Exploration . . . . . . . . . . . . . . . . . . . . . . . . 55

4.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.2.1 UKI Barrier Options . . . . . . . . . . . . . . . . . . . 56

4.2.2 European Options . . . . . . . . . . . . . . . . . . . . . 60

4.2.3 Geometric Asian Price Options . . . . . . . . . . . . . . 61

4.2.4 Rebate Deferred Options . . . . . . . . . . . . . . . . . 62

4.2.5 Asset Binary Options . . . . . . . . . . . . . . . . . . . 63

4.2.6 American Put with No Dividends . . . . . . . . . . . . 64

4.3 Decision Framework . . . . . . . . . . . . . . . . . . . . . . 65

4.3.1 Scenario 1: European Options . . . . . . . . . . . . . . 66

4.3.2 Scenario 2: Asian Options . . . . . . . . . . . . . . . . 67

4.4 Extended Analysis . . . . . . . . . . . . . . . . . . . . . . . . 69

4.4.1 n
2 Antithetic Treatment . . . . . . . . . . . . . . . . . . 69

4.4.2 Convergence Analysis . . . . . . . . . . . . . . . . . . 72

4.4.3 Control Variates Comparison . . . . . . . . . . . . . . . 74

4.4.4 Decision Framework Extensions . . . . . . . . . . . . . 76

4.4.5 Sensitivity Analysis for MMIA . . . . . . . . . . . . . . 76

CHAPTERV CLOSING

5.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.2 Suggestions for Future Research . . . . . . . . . . . . . . . . 81

BIBLIOGRAPHY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

ix



LIST OF FIGURES

page

Figure 2.1 The Standard Logistic Function (x0 = 0,k = 1,L = 1) . . . . 38

Figure 2.2 The Standard Logistic Function with Varying Steepness

Parameter . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

Figure 3.1 The Methodology Flowchart . . . . . . . . . . . . . . . . . 42

Figure 4.1 A sample of 50 price paths generated with Geometric

Brownian Motion. where s0 = 6705, h = 1
365 , r = 0.04, and

σ = 0.1225715 . . . . . . . . . . . . . . . . . . . . . . . . 55

Figure 4.2 Histogram of the logarithm of generated stock prices,

composed of 10,000 samples, with s0 = 6705, h = 1
365 , and

σ = 0.1225715 . . . . . . . . . . . . . . . . . . . . . . . . 56

Figure 4.3 Price Convergence of European Call, with Varying n. s0 =
6705, k = 6705, and h = 1

365 . . . . . . . . . . . . . . . . . . 73

Figure 4.4 Error Convergence of European Call, with Varying n. s0 =
6705, k = 6705, and h = 1

365 . . . . . . . . . . . . . . . . . . 73

Figure 4.5 Heatmap of MMIA (left) and SMCS (right) Standard Error

for comparison European Calls, with varying n and σ . s0 =
6705, k = 6705, and h = 1

365 . . . . . . . . . . . . . . . . . . 77

Figure 4.6 Heatmap of MMIA (left) and SMCS (right) Standard Error

comparison for European Puts, with varying n and σ . s0 =
6705, k = 6705, and h = 1

365 . . . . . . . . . . . . . . . . . . 78

Figure 4.7 Heatmap of MMIA (left) and AMCS (right) Standard Error

comparison for Geometric Price Asian Call, with varying n
and σ . s0 = 6705, k = 6705, and h = 1

365 . . . . . . . . . . . 78

x



LIST OFTABLES

page

Table 3.1 [Style of Options] Options, with [Additional Details]. s0 =
6705, k = 6705, σ = 0.1225715, etc., simulated n times with
h = 1

365 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

Table 3.2 Knock-in Barrier Options, Corrected vs. Uncorrected

Analytic Values and Relative Errors. s0 = 100, k = 100,
σ = 0.5, Bp = 125, Bc = 75, T = 1 and r = 0.04, simulated
10,000 times with h = 1

10 . . . . . . . . . . . . . . . . . . . . 44

Table 4.1 Knock-in Barrier Options, with corrected Analytic solutions.

s0 = 6705, k = 6705, σ = 0.1225715, Bp = 7040, Bc = 0.95×
s0 = 6370, T = 1 and r = 0.04, simulated 100,000 times with
h = 1

365 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

Table 4.2 Up and Knock-in Call option normalised scores across

multiple VRT, with corrected Analytic solutions, with

T H = 300. s0 = 6705, k = 6705, σ = 0.1225715,
Bp = 7040, Bc = 0.95 × s0 = 6370, T = 1 and r = 0.04,
simulated 100,000 times with h = 1

365 . . . . . . . . . . . . . 58

Table 4.3 Down and Knock-in Put option normalised scores across

multiple VRT, with corrected Analytic solutions, with

T H = 300. s0 = 6705, k = 6705, σ = 0.1225715,
Bp = 7040, Bc = 0.95 × s0 = 6370, T = 1 and r = 0.04,
simulated 100,000 times with h = 1

365 . . . . . . . . . . . . . 58

Table 4.4 Up and Knock-in Call option utility scores with

{k1,k2,k3} = {0.01,0.1,0} across multiple VRT, with

corrected Analytic solutions. s0 = 6705, k = 6705,
σ = 0.1225715, Bp = 7040, Bc = 0.95× s0 = 6370, T = 1
and r = 0.04, simulated 100,000 times with h = 1

365 . . . . . . 59

Table 4.5 Down and Knock-in Put option utility scores with

{k1,k2,k3} = {0.01,0.1,0} across multiple VRT, with

corrected Analytic solutions. s0 = 6705, k = 6705,
σ = 0.1225715, Bp = 7040, Bc = 0.95× s0 = 6370, T = 1
and r = 0.04, simulated 100,000 times with h = 1

365 . . . . . . 59

Table 4.6 European Call and Put results acrossmultipleVRT. s0 = 6705,
k = 6705, σ = 0.1225715, T = 1 and r = 0.04, simulated
100,000 times with h = 1

365 . . . . . . . . . . . . . . . . . . . 60

Table 4.7 Geometric Price Asian Call and Put Results. s0 = 6705, k =
6705, σ = 0.1225715, T = 1 and r = 0.04, simulated 100,000
times with h = 1

365 . . . . . . . . . . . . . . . . . . . . . . . . 61

Table 4.8 Rebate Deferred Options, with Corrected Analytic Solutions.

s0 = 6705, x = 100, σ = 0.1225715, Bp = 7040, Bc = 0.95×
s0 = 6370, T = 1 and r = 0.04, simulated 100,000 times with
h = 1

365 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

xi



Table 4.9 Asset or Nothing Call and Put Results. s0 = 6705, k = 6705,
σ = 0.1225715, T = 1 and r = 0.04, simulated 10,000 times
with h = 1

365 . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

Table 4.10 American Put Results. s0 = 6705, k = 6705, σ = 0.1225715,
T = 1 and r = 0.04, simulated 100,000 times with h = 1

365 . . 65

Table 4.11 European Call Normalised Scores. T H = 300, s0 = 6705, k =
6705, σ = 0.1225715, T = 1 and r = 0.04, simulated 100,000
times with h = 1

365 . . . . . . . . . . . . . . . . . . . . . . . . 66

Table 4.12 European Put Normalised Scores. T H = 300, s0 = 6705, k =
6705, σ = 0.1225715, T = 1 and r = 0.04, simulated 100,000
times with h = 1

365 . . . . . . . . . . . . . . . . . . . . . . . . 66

Table 4.13 European Call Utility Scores. {k1,k2,k3} = {0,0.1,0.01},
s0 = 6705.32, k = 6705.32, σ = 0.1225715, T = 1 and

r = 0.04, simulated 100,000 times with h = 1
365 . . . . . . . . 67

Table 4.14 European Put Utility Scores. {k1,k2,k3} = {0,0.1,0.01},
s0 = 6705.32, k = 6705.32, σ = 0.1225715, T = 1 and

r = 0.04, simulated 100,000 times with h = 1
365 . . . . . . . . 67

Table 4.15 Geometric Price Asian Call Normalised Scores. T H = 300,
s0 = 6705.32, k = 6705.32, σ = 0.1225715, T = 1 and r =
0.04, simulated 100,000 times with h = 1

365 . . . . . . . . . . 68

Table 4.16 Geometric Price Asian Put Normalised Scores. T H = 300,
s0 = 6705.32, k = 6705.32, σ = 0.1225715, T = 1 and r =
0.04, simulated 100,000 times with h = 1

365 . . . . . . . . . . 68

Table 4.17 Geometric Price Asian Call Utility Scores. T H = 300,
{k1,k2,k3} = {0.1,0.01,0.01}, s0 = 6705.32, k = 6705.32,
σ = 0.1225715, T = 1 and r = 0.04, simulated 100,000
times with h = 1

365 . . . . . . . . . . . . . . . . . . . . . . . . 68

Table 4.18 Geometric Price Asian Put Utility Scores. T H = 300,
{k1,k2,k3} = {0.1,0.01,0.01}. s0 = 6705.32, k = 6705.32,
σ = 0.1225715, T = 1 and r = 0.04, simulated 100,000
times with h = 1

365 . . . . . . . . . . . . . . . . . . . . . . . . 69

Table 4.19 Geometric Price Asian Put Results, Including n
2 Antithetic

Treatment. s0 = 6705.32, k = 6705.32, σ = 0.1225715,
T = 1 and r = 0.04, simulated 100,000 times with h = 1

365 . . 70

Table 4.20 Geometric Price Asian Call Normalised Scores, Including n
2

Antithetic Treatment. T H = 300, s0 = 6705.32, k = 6705.32,
σ = 0.1225715, T = 1 and r = 0.04, simulated 100,000 times
with h = 1

365 . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

Table 4.21 Geometric Price Asian Put normalised scores across multiple

VRT, including n
2 Antithetic treatment, with T H = 300. s0 =

6705.32, k = 6705.32, σ = 0.1225715, T = 1 and r = 0.04,
simulated 100,000 times with h = 1

365 . . . . . . . . . . . . . 71

xii



Table 4.22 Geometric Price Asian Call utility scores across multiple

VRT, including n
2 Antithetic treatment, with T H = 300,

{k1,k2,k3} = {0.1,0.1,0.01}. s0 = 6705.32, k = 6705.32,
σ = 0.1225715, T = 1 and r = 0.04, simulated 100,000
times with h = 1

365 . . . . . . . . . . . . . . . . . . . . . . . . 72

Table 4.23 Geometric Price Asian Put utility scores across multiple

VRT, including n
2 Antithetic treatment, with T H = 300,

{k1,k2,k3} = {0.1,0.1,0.01}. s0 = 6705.32, k = 6705.32,
σ = 0.1225715, T = 1 and r = 0.04, simulated 100,000
times with h = 1

365 . . . . . . . . . . . . . . . . . . . . . . . . 72

Table 4.24 Comparison of different Control Variate selection for

continuity corrected UKI Call, with s0 = 6705, k = 6705,
σ = 0.1225715, Bp = 7040, T = 1 and r = 0.04, simulated
100,000 times with h = 1

365 . . . . . . . . . . . . . . . . . . . 75

xiii




